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Abstract 
A neural network is introduced which provides a solution of the classical motor equivalence problem, 
whereby many different joint configurations of a redundant manipulator can all be used to realize a desired 
trajectory in 3-D space. To do this, the network self-organizes a mapping from motion directions in 3-D 
space to velocity commands in joint space. Computer simulations demonstrate that, without any additional 
learning, the network can generate accurate movement commands that compensate for variable tool lengths, 
clamping of joints, distortions of visual input by a prism, and unexpected limb perturbations. Blind reaches 
have also been simulated. 
1 The Problem of Motor Equivalence 
For an animal with a complex skeleto-motor system, there are typically numerous means by which a particular 
goal state can be achieved. Variability of means is also observed in a single organism from one occasion to the 
next. This phenomenon, termed motor equivalence, poses the following problem: How does the organism 
rapidly and correctly choose the alternative means observed on different occasions? This is one of the 
most important outstanding problems in sensory-motor control and robotics. Motor equivalence depends on 
having an effector system of higher dimensionality than the goal specification, e.g. a 7 degree of freedom 
(DOF) arm moving the finger along a desired path in 3-D space. The current work shows how 3-D spatial 
goals may be invariantly realized with different combinations of effectors. 
A primary issue for any model of motor equivalent arm movements is the nature of the transformation 
from spatial to motor coordinates. Three logical possibilities are: (1) motor trajectory formation wherein 
the desired target endpoint in 3-D space is mapped directly to a joint angle or muscle length endpoint) 
with trajectory formation carried out in motor (e.g. muscle length or joint angle) coordinates, (2) spatial 
trajectory formation wit.h tar·get position mapping (STF /PM) wherein trajectory formation occurs in spatial 
coordinates, with the mapping from spatial to motor coordinates occurring between intermediate spatial 
target positions and joint configurations which achieve these positions, and (3) spatial trajectory formation 
with direction mapping (STF/DM) wherein trajectory formation occurs in spatial coordinates, with the 
mapping from spatial to motor coordinates occurring between spatial directions specified by the trajectory 
formation mechanism and changes in joint angles which cause movement in the appropriate spatial direction. 
The strategy of trajectory formation in motor coordinates cannot be used for spatially constrained tasks 
such as tracing a figure eight in the air. These tasks are defined by a spatial trajectory. Psychophysical 
studies of human reaching also support the existence of trajectory formation in spatial coordinates. For 
example, Morasso (1981) studied targeted arm movements constrained to a horizontal plane. The shape of 
the tangential hand trajectory velocity profiles remained relatively constant for the different movements, but 
the shapes of the angular velocity profiles for the elbow and shoulder varied. He concluded that the control 
system used spatial coordinates. 
Motor equivalence favors a mapping from directions in space to joint angle changes over a mapping from 
spatial target positions to joint angle configurations. In redundant systems, position-to-configuration map-
pings (as in STF /PM models) do not allow the facile generation of endpoint equivalent joint configurations 
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that are needed to achieve motor equivalence. To see why, note that the equation relating end effector 
position in 3-D space to joint configuration for an n-joint arm is: 
X= f(0) (1) 
where x = (x,y,z) represents 3-D end effector position, 0 = (B,,B2, ... ,Bn) represents joint angles, and f 
is nonlinear. Because f is nonlinear, one cannot compute an endpoint equivalent joint configuration 8(3) 
by averaging two different joint configurations 0(1) and 0(2), each of which individually results in a given 
endpoint, x(l). In contrast, 3-D spatial velocity x and joint space velocity are related by: 
x = J(0)0 (2) 
where J(0) is a Jacobian matrix of the manipulator. Near a fixed configuration 0', the system can be 
approximated by the linear system with J(0) = .J(H') in ( 2). Thus, a joint angle velocity vector 0(3) that 
averages two velocity vectors 0(1) and 0(2), which individually generate the same 3-D motion direction d(1), 
does result in the same 3-D motion direction d(1). More generally, any linear combination of small joint 
angle velocity vectors which each produce movement in a given 3-D spatial direction produces movement in 
that direction. 
This superposition property allows for a simple explanation of motor equivalence. A given movement 
direction can be achieved by activating in parallel any linear combination of the 0's which produce the 
desired movement direction. Motor equivalence arises when different linear combinations are used on different 
movement trials. 
2 The Problem of Tool Use 
Another human motor trait with important implications for trajectory formation rnodels is the ability to 
perform reaches using tools. F'or example, subjects in Lacquaniti, Soechting, and Ter:6uolo (1982) performed 
target reaches with light weight rods strapped to their forearms extending 40 em beyond the wrist. Even with 
no practice trials, the trajectories formed by the subjects were very similar to trajectories formed without 
the rods. 
Reaching with tools is difficult to explain in STF/PM systems. Since such reaches can be performed 
without prior experience with a rod of a certain length, the possibility that subjects have direct mappings 
from spatial target positions to joint configurations augmented by the tool can be discounted. This leaves 
the possibility that subjects compute an offset to the spatial target position which compensates for tool 
length and orientation vis-a-vis the hand at the final position. If, however, the calculation of target position 
is inaccurate, leaving the tool tip short of the target, the most natural correction is to increment joint angles 
to move the tool tip in the desired direction. This is not possible in a STF/PM system, since it does not 
map from spatial directions to joint angle increments. Instead, the system must recalculate a new spatial 
target position for the hand by adding the difference between the tool tip and the target to the hand target 
position. Though not impossible, such cornputations are cumbersome and indirect relative to computations 
performed in a STF /DM system. 
Tool use is much simpler if spatial movement directions are mapped to changes in muscle lengths or joint 
angles (as in a STF/DM system). For example, joint angle changes which move the fingertip in a given 
direction will also move a pointer held in the hand in the same direction. Using the difference between the 
spatial positions of pointer and target to specify desired movement direction produces the correct joint angle 
changes required to move the pointer toward the target. The system then incrementally moves the tool tip 
closer to the target until the target is reached. 
3 The Problem of Unexpected Perturbations 
Direction mapping also provides robust control when unexpected events occur. For example, loss of motion 
at a particular joint during a reaching movement will cause the actual movement produced by the system to 
mismatch the desired movement. The effect of such a lost DOF will typically be a movement in the general 
direction of the target but not in a direct path to the target. If the actual movement direction differs by 
less than 90° from the desired movement direction (which is typically the caBe with a single clamped joint), 
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Figure 1: Block diagram of network processing stages. 
direction mapping will still successfully finish the reach, provided that the geometry of the arm with clamped 
joint allows a joint configuration ending at the target position. This is so because: (a) the desired direction 
of movement continuously reflects the effects of errant movement using information about target position 
and end effector, and (b) the redundant direction mapping always moves the end effector closer to the target 
although not necessarily in the optimal direction. 
Such a model is capable of coping on line with abrupt translations or rotations of the visual field. For 
example> prism goggles cause target and end effector positions to be rnisperceived. This results in an 
inaccurate estimate of desired movement direction. However, as long as the desired movement direction as 
perceived by the observer differs by less than 90' from the actual direction of the target with respect to the 
end effector, direction mapping again moves the end effector closer to the target. Continuous updating of 
the desired movement direction takes into account the errant movement, so deviations do not aecumulate. 
The following section outlines a self-organizing neural network architecture that exhibits these properties 
in computer simulations. 
4 Overview of the Model 
Figure 1 illustrates the main processing stages of the model. A self-organizing neural representation of 3-D 
sp>Lce developed in Bullock et al (1992) provides a natural representation for trajectory formation in 3-D 
space. This representation is similar to a spherical, body-centered coordinate frame with a ((cyclopean)) 
origin between the eyes. When presented with a target, the model uses this representation to compute 
the desired spatial direction of movement by comparing target position with current end effector position. 
The desired movement direction computed in spatial coordinates is transformed into incremental changes 
in joint angles through a learned mapping. Since a given increment in a joint angle causes movement 
in a different spatial direction depending on initial joint configuration, the cells involved in learning this 
mapping are specific to both spatial direction and current joint space configuration. Figure 2 summarizes 
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Figure 2: A scheme for mapping from spatial to motor coordinates. Cells specific to combinations of joint 
configurations and desired motion directions project to cells coding joint velocity commands. Arrows indicate 
fixed-weight connections, and semicircles indicate adaptable connections. All cells in the first row fan to all 
cells in the second row with adaptable connections; connections from row 2 to row 3 are fixed and one-to-one. 
the connectivity scheme used in the simulations, although this is only one of several possibilities. The 
increments specified by this mapping are then integrated to produce a joint angle command. Learning of 
this mapping differs fundamentally from CMAC (Albus 1975) and other perceptron-like learning algorithms 
by using unsupervised learning throughout. 
The process by which redundant degrees of freedom are efficiently handled by the motor system was 
termed sensorimotor coordination by Bernstein (1967) and is often conceptualized as a matter of reducing 
DOFs. Our model utilizes these redundant DOFs in parallel to solve tasks. If some of these DOF's are 
removed on a given trial by environmental or internal constraints, the system automatically compensates 
without additional learning or recomputation by using the remaining DOFs to produce the movement. 
Sensorimotor coordination is attained by learning the effects of many possible actions utilizing all available 
DOFs of the system, then applying all or a subset of these actions in parallel to produce the desired effect. 
A related scheme is described in Berkinblit et al (1986). Unlike that scheme, however, the current model 
allows accurate performance of desired spatial trajectories. 
5 Simulations 
Initial model simulations have used a three joint arm in two dimensions, corresponding to reaches in a sagittal 
plane through the shoulder. Thus, only the spherical coordinates Rand</> are used to represent target and 
end effector positions. The model was trained by picking random joint configurations, then generating 
randorn joint velocities and using visual feedback to register movement direction. Training was done with 
visual feedback and without tools, clamped joints, or visual shifts. Following training, immediate adaptation 
of performance to conditions not encountered during training was assessed to test the system's ability to 
exhibit motor equivalence, i.e. goal-reaching with alternative means. Successful demonstrations of motor 
equivalence have now been made under the following conditions: (1) unconstrained reaches to targets, (2) 
reaches to targets using a tool, (3) reaches to targets with one joint clamped, (4) blind reaches to targets, (5) 
reaches with visual input shifted by 30°, and (6) reaches with nonlinear integration of command signals by 
the joint actuators. Figure 3 shows the results of a simulation using a pointer for reaching. In all conditions, 
the network computed and performed appropriate trajectories with little deviation from ((ideal" trajectories. 
6 Comparison with Neurophysiological Data 
Data from several recent neurophysiological studies of primate single cell properties in motor cortex and 
related areas are consistent with the approach to inverse kinematics used in the current model. Cells 
in several motor areas, including the motor cortex (MC), supplementary motor area (SMA), and putamen, 
exhibit activity levels dependent upon movement direction (Kettner et al1988, Kalaskaet al1989, Alexander 
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Figure 3: Trajectories formed by the model using a pointer (fourth, rigid joint) for reaching accurately to a 
target (shown as a small box at the reach endpoint) without any additional learning. 
& Crutcher 1990, Caminiti et al 1990). In particular, Kettner et al (1988) showed that cell activity did not 
differ statistically for parallel movements from different origins. Moreover, many of these cells code external 
space direction rather than direction in joint or muscle space (Alexander & Crutcher 1990). 
Many neurophysiologists have also reported that motor cortical cells seem to be broadly tuned to desired 
direction of movement. Schwartz et al (1988) fit their data with a "directional tuning function" in which 
response rate is a linear function of the cosine of the angle between the cell's preferred direction and the 
actual direction of the movement. These data seem incompatible with a sharply tuned specification for 
desired movement direr,tion. However, sharply tuned direction specification at cells in the first layer of 
Figure 2 provides accurate trajectory performance while producing broad directional tuning of the joint 
velocity cells in the second layer. The solid lines in Figure 4 show the simulated directional tuning curve of 
activity at joint velocity cells, averaged over 500 measurements in various regions of joint space. Although 
sharp directional tuning was used to specify motion direction, the tuning curves of these cells are broad. 
Also shown in Figure 4 is the very similar averaged tuning curve obtained from single cell measurements in 
primate motor cortex under no load conditions by Kalaska et al (1989). 
7 Concluding Remarks 
The current approach may prove useful in the study of motor equivalence and sensorimotor coordination in 
other modalities. For example, during eye-head coordination, target speeification in body--centered coordi-
nates results in a desired spatial direction, and this desired spatial direction maps to both neck muscles and 
eye muscles whose activation cause movement in this direction. If the head is immobilized using a bite bar, 
the eye muscles could still complete the movement even though attempts to move the head are unsuccessful. 
The current approach is also being applied to speech production. 
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Figure 4: Directional tuning curve averaged over 500 measurements of the different joint velocity cells in 
different parts of joint space for the simulated model (solid line) and corresponding data from Kalaska et al 
(1989) (broken line). Model data has been scaled to cover the same range as the Kalaska et al data. 
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